For an arbitrary prime p we prove that the proportion of entries divisible by p in certain columns of the character table of the symmetric group S n tends to 1 as n → ∞. This is done by finding lower bounds on the number of k-cores, for k large enough with respect to n.
Introduction
In [3] Miller formulated the following two conjectures about the character table of symmetric groups: Conjecture 1. Let E(n) be the number of even entries in the character table of S n . Then E(n)/(p(n)) 2 → 1 as n → ∞.
and Conjecture 2. Let p be a prime and E p (n) be the number of entries divisible by p in the character table of S n . Then E p (n)/(p(n)) 2 → 1 as n → ∞.
Here, as in the rest of the paper, p(n) is the number of partitions of n.
In [2] Gluck proved that on certain columns of the character table of S n , the proportion of even entries tends to 1, thus proving a columnwise version of Conjecture 1 on those columns. The main results of this paper extend this to a larger set of columns of the character table of S n and they hold for any prime p. In order to state our main results we need the following notation. Let P (n) be the set of all partitions of n and Ω p (n) := {partitions of n into parts not divisible by p}.
Further for any partition µ of n let µ * ∈ Ω p (n) be obtained from µ = (µ 1 , µ 2 , . . .) by replacing each part µ i = p k i a i with p ∤ a i by p k i parts a i and, for λ ∈ Ω p (n), let
For α, β ∈ P (n) let χ α be the irreducible character of S n indexed by α and χ α β be the value that χ α takes on the conjugacy class with cycle partition β.
for some constant d.
Note that
and λ = (a
, then for any µ ∈ K p (λ) we have that
for some constant d. 
Proof of Theorem 3
We will prove Theorem 3 at the end of this section. This will be done by finding bounds on the number of k-core partitions of n when k is large enough. To obtain these bounds we will need bounds on the growth of the number of multipartitions. Throughout this section let p k (n) be the number of multipartitions of n into k partitions and c k (n) be the number of k-core partitions of n.
Proof. For λ = (λ 1 , . . . , λ k ) a multipartition of m − 1 let h maximal such that |λ h | > 0 (set h = 0 if m = 1) and let A(λ) be the set of multipartitions of m which can be obtain by adding a node either to λ h on the last row or the first column or by adding one node to some λ i with i > h. Note that |A(λ)| ≤ k + 1 for each λ and any multipartition of m is contained in A(λ) for some multipartition λ of m − 1. The result follows.
Proof. It follows from Lemma 5 and the classification of partitions with the same k-core (see for example [4, Proposition 3.7] ), since
Lemma 7. Let n ≥ 2 and c > √
Proof. From Lemma 6 we have that
Note that there exist constants
(see [1, (1. 41)]). The result then easily follows if k = n, so we may assume that n − k ≥ 1. Then
If k ≥ 4c √ n log(n) then 
